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Abstract
For every Hausdorff function we construct a compact metric space of finite positive weak-packing
measure. Also we prove that for every non-doubling Hausdorff function there exists a compact metric
space on which the packing and weak-packing measures are not equivalent.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let (X,ρ) be a metric space and let E ⊂ X and δ > 0. Let {B(xi, ri)} be a countable
family of open balls with xi ∈ E for all i. The family is called a packing of E if for each
i = j
B(xi, ri) ∩ B(xj , rj ) = ∅.
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xi /∈ B(xj , rj ).
A packing or weak-packing {B(xi, ri)} of E is δ-fine if 0 < ri  δ for all i.
A Hausdorff function h : (0,+∞) → (0,+∞) is a continuous and non-decreasing func-
tion with limt→0 h(t) = 0. A Hausdorff function h is doubling if
lim sup
t→0
h(2t)
h(t)
< +∞.
Suppose we are given a metric space X and a Hausdorff function h. Then the packing
measure, Ph(E), of any set E ⊂ X is defined by
Ph(E) = inf
{ ∞∑
i=1
Ph0 (Ei): E ⊂
∞⋃
i=1
Ei
}
,
where
Ph0 (E) = lim
δ→0P
h
δ (E),
Phδ (E) = sup
{∑
h(ri):
{
B(xi, ri)
}
is a δ-fine packing of E
}
. (1)
In place of δ-fine packings with δ-fine weak-packings, we may define the weak-packing
measure, (a)Ph(E), of the set E in the same way as Ph(E). We use the notation (a)Ph(E)
because in the literature weak-packing measures are also known as (a)-packing measures.
There is an alternative way to define the packing and weak-packing measures. A gauge
for the set E is a function Δ :E → (0,∞). A packing or weak-packing {B(xi, ri)} of E
is Δ-fine if ri  Δ(xi) for all i. For a Hausdorff function h and a gauge Δ for E, if the
supremum in (1) is taken over all Δ-fine packings of E, then we obtain PhΔ(E). Similarly
the use of Δ-fine weak-packings gives us (a)PhΔ(E). By Proposition 1.11 of Edgar [3] we
have
Ph(E) = inf
Δ
PhΔ(E) and (a)Ph(E) = inf
Δ
(a)PhΔ(E). (2)
Since for any set E a Δ-fine packing of E must be a Δ-fine weak-packing of E one has
Ph(E) (a)Ph(E). Moreover, if the Hausdorff function h is doubling then Ph and (a)Ph
are equivalent, meaning that
Ph(E) (a)Ph(E) cPh(E) (3)
for all sets E ⊂ X, where c is a constant depending only on the function h.
The packing measures are introduced in [11] to complement the theory of Hausdorff
measures. For their properties we refer to [4–8,10].
In this note we set out to show that for every Hausdorff function there is a compact
metric space of finite positive weak-packing measure. A similar property for Hausdorff
measures, proved by Dvoretzky [2] and refined by Rogers [9, Theorem 36], is an important
tool in the study of Hausdorff measures. For packing measures we have only the result of
Wen and Wen [12] proving the statement on the assumption that the Hausdorff function
satisfies the doubling condition.
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compact metric space on which the packing and weak-packing measures are not equivalent.
Our proofs are constructive. The key point is to construct the required metric space.
Some ideas have been adapted from Davies [1] and Edgar [3].
2. Main results and proofs
Theorem 1. For every Hausdorff function h there exists a compact metric space X with
0 < (a)Ph(X) < +∞.
Proof. Let h be a Hausdorff function. We are going to construct a compact metric space
(X,ρ) of finite positive weak-packing measure.
Step 1. We first construct the required metric space (X,ρ).
Let {an}∞n=0 be a sequence of numbers in the interval (1/2, 1) such that the infinity
products
∏∞
n=0 an and
∏∞
n=0(2 − an) converge to finite positive values. Write simply
a =
∞∏
n=0
an, b =
∞∏
n=0
(2 − an).
Let δ−1 = 1. Since h is a Hausdorff function we may choose a sequence {δn}∞n=0 of
positive numbers such that for each integer n 0
δn < δn−1/2,
√
h(δn) (1 − an)
√
h(δn−1).
Let {kn}∞n=1 be a sequence of integers defined for each integer n 1 by
kn =
[√
h(δn−2)
h(δn−1)
]
,
where [x] denotes the integer part of x.
By the choices of the sequences {an}∞n=0 and {δn}∞n=0, we immediately get kn  2 and
∞∑
n=1
1
kn + 1 < ∞ (4)
and
ah(1)Nnh(δn−1) bh(1), (5)
where
Nn =
n∏
i=1
ki(ki + 1).
Let G(kn) be a finite graph where vertices are labelled as pairs (i, j ) of integers
with 1 i  kn and 0  j  kn. Vertices (i,0) are called central vertices, and vertices
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(i,0). Two central vertices are joined to each other. Given two vertices u,v ∈ G(kn), we
will write u ∼ v if u = v or u is joined to v by an edge.
Let X =∏∞n=1 G(kn) be the Cartesian product. If u ∈ X, we will write u = (u1, u2, u3,
. . .), where un is a vertex of G(kn) for all n. We define a metric ρ for X as follows: if u ∈ X,
then, of course, ρ(u,u) = 0; if u,v ∈ X and u = v, then let n be the least integer such that
un = vn and define
ρ(u, v) =
{
δn−1/2 if un ∼ vn,
δn−1 if un ∼ vn.
This metric makes X into a compact and totally disconnected space.
Step 2. We now give some simple metric properties of the space (X,ρ).
For each u ∈ X and for each positive integer n define a cylinder
I (u1, u2, . . . , un) = {v ∈ X: v1 = u1, . . . , vn = un}.
A cylinder will be called central or peripheral according as the last coordinate is central
or peripheral. For each n we have Nn disjoint cylinders of order-n whose union is X,
and among them there are Nn−1k2n peripheral cylinders and Nn−1kn central cylinders. The
diameter of every cylinder of order-n is δn. The distance between two different cylinders
of order-n is at least δn−1/2. The distance between two different peripheral cylinders of
order-n is at least δn−1.
Let B(u, r) be an open ball with r ∈ (δn, δn−1]. If δn < r  δn−1/2 then we have
B(u, r) = I (u1, u2, . . . , un).
If δn−1/2 < r  δn−1 then we have
B(u, r) =
⋃
vn ∼un
I (u1, . . . , un−1, vn),
and so the ball consists of 2 or 2kn cylinders of order-n: if un is peripheral, the ball consists
of 2 cylinders and is called a peripheral ball; if un is central, the ball consists of 2kn
cylinders and is called a center ball.
For every open ball B(u, r) with r ∈ (δn, δn−1] we define a principal cylinder Bp(u, r)
as follows: if δn < r  δn−1/2 or un is peripheral then
Bp(u, r) = I (u1, u2, . . . , un);
if δn−1/2 < r  δn−1 and un = (i,0) is central then
Bp(u, r) = I(u1, u2, . . . , un−1, (i,1)).
Let B(u, r),B(v, s) be two open balls with u /∈ B(v, s) and v /∈ B(u, r). From the con-
struction of (X,ρ) we conclude that the principle cylinders Bp(u, r) and Bp(v, s) are
disjoint. Therefore, if {B(ui, ri} is a weak-packing then the principle cylinders {Bp(ui, ri}
form a disjoint family.
Step 3. We finally prove ah(1) (a)Ph(X) bh(1).
486 S.-Y. Wen, Z.Y. Wen / J. Math. Anal. Appl. 320 (2006) 482–488Let μ be the unique Borel probability measure on X such that every cylinder I of
order-n has measure
μ(I) = 1
Nn
.
If B(u, r) is an open ball with r ∈ (δn, δn−1], then, by the inequality (5), the principle
cylinder Bp(u, r) has measure
μ
(
Bp(u, r)
)= 1
Nn
 h(δn−1)
bh(1)
 h(r)
bh(1)
.
Let {B(ui, ri)} be any δ-weak-packing of X. From the disjointness of the principle
cylinders {Bp(ui, ri)} we get∑
h(ri) bh(1)
∑
μ
(
Bp(ui, ri)
)
 bh(1)μ(X) = bh(1),
which gives (a)Phδ (X)  bh(1). Let δ → 0 to get (a)Ph0 (X)  bh(1), so the inequality
(a)Ph(X) bh(1) follows.
Now the rest is to prove (a)Ph(X)  ah(1). According to Step 2, for every positive
integer n we have Nn−1k2n disjoint peripheral cylinders of order-n. Denote by An the union
of these peripheral cylinders. We immediately get
μ(An) = Nn−1k
2
n
Nn
= 1 − 1
kn + 1 .
Let μ∗ be the outer measure constructed from μ by Method I. Let Δ be a gauge for X.
Let  > 0 be given and let
Bn =
{
u ∈ X: Δ(u) > δn−1
}
.
Since Bn increases to X it follows from the regularity of the outer measure μ∗ that for
sufficiently large n
μ∗(Bn) > 1 − 2 .
Therefore, for each gauge Δ and for each  > 0 we have an integer n such that
μ∗(An ∩ Bn) 1 − .
Now that n has been chosen, we will define a Δ-fine weak-packing of X. Let
Cn =
{
I (ω1,ω2, . . . ,ωn): I (ω1,ω2, . . . ,ωn) ∩ An ∩ Bn = ∅
}
and let Card(Cn) denote the number of elements of Cn. Since each element in Cn has mea-
sure 1/Nn we easily get
Card(Cn)
Nn
 μ∗(An ∩ Bn) 1 − .
Choose one u ∈ I (ω1,ω2, . . . ,ωn) ∩ An ∩ Bn for each I (ω1,ω2, . . . ,ωn) ∈ Cn, then we
get Card(Cn) points with mutual distances at least δn−1. Taking these points as centers,
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weak-packing of X. Therefore, by the inequality (5) we get
(a)PhΔ(X) Card(Cn)h(δn−1) Card(Cn)
ah(1)
Nn
 ah(1)(1 − ).
Since Δ and  are arbitrary it follows from the equality (2) that (a)Ph(X)  ah(1). This
completes this proof. 
Theorem 1 and the inequality (3) together give the following corollary.
Corollary 1. For every doubling Hausdorff function there exists a compact metric space of
finite positive packing measure.
As mentioned, for every doubling Hausdorff function h and for every metric space X,
the packing measure Ph and the weak-packing measure (a)Ph are equivalent on X. Using
the construction in the proof of Theorem 1, we are going to show that for every non-
doubling Hausdorff function h there is a compact metric space on which Ph and (a)Ph are
not equivalent.
Theorem 2. For every non-doubling Hausdorff function h there is a compact metric space
X with
0 < (a)Ph(X) < +∞ and Ph(X) = 0.
Proof. Let h be a non-doubling Hausdorff function. Then there is a sequence {εn}∞n=0 of
positive numbers such that
lim
n→∞ εn = 0, limn→∞
h(εn/2)
h(εn)
= 0 and
∞∑
n=0
h(εn/2)
h(εn)
< ∞. (6)
Let {δn}∞n=0 be a subsequence of {εn}∞n=0 satisfying all the requirements in the proof of
Theorem 1. Let (X,ρ) be the related compact metric space constructed in the proof of
Theorem 1.
It has been shown that the space (X,ρ) has finite positive (a)Ph-measure. We only need
to prove Ph(X) = 0.
Let m be a given positive integer. Let Bm = {B(ui, ri)} be a family of disjoint open
balls with ri ∈ (δm+1, δm] for all i. Then Bm contains at most Nm+1 balls of radii r ∈
(δm+1, δm/2], Nmkm+1 peripheral balls of radii r ∈ (δm/2, δm] and Nm center balls of radii
r ∈ (δm/2, δm]. Therefore we have∑
Bm
h(r)Nm+1h(δm/2) + Nmkm+1h(δm) + Nmh(δm).
Let B be a δn-packing of X. Then B =⋃∞m=nBm where Bm consists of elements of
radii r ∈ (δm+1, δm] of B. Using the inequality (5) again we get
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h(r) =
∞∑
m=n
∑
Bm
h(r)

∞∑
m=n
(
Nm+1h(δm/2) + Nmkm+1h(δm) + Nmh(δm)
)
 bh(1)
∞∑
m=n
h(δm/2)
h(δm)
+ 2bh(1)
∞∑
m=n
1
km+1 + 1 .
This gives
Phδn(X) bh(1)
∞∑
m=n
h(δm/2)
h(δm)
+ 2bh(1)
∞∑
m=n
1
km+1 + 1 .
Letting n → ∞ we get Ph0 (X) = 0 from (4) and (6), so Ph(X) = 0. This completes the
proof. 
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